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Based on the QCD dipole picture of the BFKL Pomeron, we investigate the role played by the 
saturation scale, Qsat, in obtaining physical values for the affective strong coupling in phenomeno¬ 
logical fits to small-x HERA data. The dependence on this scale appears since the collection of 
color dipoles characterizing the proton target have average size l/Qaat, which is energy dependent. 

Physically, this means most of the color dipoles are above but sufficiently close to the border be¬ 
tween a satnrated and the dilnte system. The analysis is first performed in the leading-logs BFKL 
approach in the saddle-point approximation and it could shed light in further investigations nsing 
resummed NLO BFKL kernels. 


PACS numbers: 13.60.Hb,12.38.Bx 

I. INTRODUCTION 

The study of the high energy behavior of the observ¬ 
ables is an outstanding issue in perturbative QCD in both 
phenomenological and theoretical viewpoints. An im¬ 
portant approach encoding all order ashi{l/x) resum¬ 
mation, which should be dominant at high energies, is 
the QCD dipole picture 0. As usual, x is the Bjorken 
variable. It was proven that such approach reproduces 
the BFKL evolution |^. The main process is the onium- 
onium scattering, that is the reaction between two heavy 
quark-antiquark states (onia). In the large limit, the 
original heavy pair and the further radiated soft gluons 
due to QCD evolution are represented as a collection of 
color dipoles. The cross section is then written as a con¬ 
volution between the density of dipoles in each onium 
state and the dipole-dipole cross section (scattering via 
two-gluon exchange). The QCD dipole model can be ap¬ 
plied to deep inelastic (DIS) process, assuming that the 
virtual photon at high virtuality can be described by 
an onium. On the other hand, the proton is described by 
a collection of onia with an average onium radius to be 
determined from phenomenology. This simple approach 
describes reasonably well ii the experimental results 
at small-a; using a small number of free parameters. 

Starting from a LO BFKL approach in the saddle-point 
approximation, an analytical expression is obtained for 
the proton structure function which correctly describes 
the energy behavior and the usual scaling violations 
through the effective anomalous dimension. The rise on 
X is driven by the hard Pomeron intercept, ap = l-t-wjp, 
with LUp = 4Q:sln2 (where dg = asNc/ir). In its orig¬ 
inal formulation |^, the the average number of primary 
dipoles in the proton was fixed as rieff and their aver¬ 
age transverse diameter rg = 2/(5o- The first quantity 
is absorbed in the overall normalization and the second 
one is fitted (scales the photon virtuality Q^). The re¬ 
sulting quality of fit is pretty good, but it comes out 
that the effective strong coupling takes either low val¬ 
ues as — 0.07 — 0.09. This fact suggested that NLO 
BFKL correction are necessary, including running cou¬ 


pling. Along these lines, recently a pioneering analysis 
using resummed NLO BFKL kernels in the saddle-point 
approximation has been done in Ref. The NLO fits 
give a qualitatively satisfactory account of the running as 
effect but quantitatively the quality of fit remains size- 
ably higher than the LO BFKL fit. This feature suggests 
the investigation of other proposed theoretical resumma¬ 
tion schemes and/or to improve those presented in Ref. 

0 - . 

In this Letter, we study the possibility to obtain a rea¬ 
sonable quality of fit still using a simple LO BFKL ap¬ 
proach with a physically acceptable effective strong cou¬ 
pling. In order to do this, we investigating the role played 
by the average transverse size of the color dipoles which 
collectively constitute the proton. Considering the non¬ 
linear QCD approaches 0 , it is now well known that the 
transverse momenta of the partons (gluons) are on av¬ 
erage shifted to the saturation scale (^) = A^ ^ 
at rapidity Y = In (1/a;) 0. Here, we will suppose that 
a significant number of dipoles is in a region above but 
sufficiently close to the border saturated/dilute system. 
This allows us to get an estimation of the average size 
of them. Labeling the size of these dipoles as r^, they 
are characterized by a density depending on energy and 
the transverse size. The average size of these dipoles is 
then <rp> (X l/( 5 sat( 2 ;), which is also the the mean dis¬ 
tance between the centers of the neighboring dipole. This 
fact helps us to write down the probability of finding an 
onium in the proton as a function of an average onium 
radius. As a consequence, the previous fixed Qq is re¬ 
placed by the scale Qsat and the hard Pomeron intercept 
is further enhanced producing a larger effective strong 
coupling. In what follow, we shortly review the main 
formulas and perform a phenomenological study using 
the recent experimental results on the proton structure 
function at small-a;. 


II. THE QCD DIPOLE PICTURE 

The deep inelastic (DIS) process is a two-scale problem 
where the hard scale is given by the photon virtuality and 
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the soft one is associated to the proton typical size. In the 
color QCD dipole approach, the proton is approximately 
described by a collection of onia with an unknown aver¬ 
age onium radius. Then, the DIS cross section is written 
as a convolution of the probability of finding an onium in 
the proton and the photon-onium cross section. This is 
basically equivalent to the wave function formulation of 
the 7 *p interaction, where the processes are formulated 
in terms of the probability distribution of a qq pair in 
the virtual photon, convoluted by the dipole-proton cross 
section. The latter quantity is described by the convolu¬ 
tion of the probability distribution of primordial dipoles 
in the proton times the dipole-dipole BFKL cross-section 
0 

The virtual photon can be described in terms of prob¬ 
ability distributions, which are proportional to the well 
know photon wave functions, 

, ( 1 ) 

where ^ are the probability distributions of finding a 
dipole configuration of transverse size r-y at a given z^, 
with the variable Zy being the photon light-cone momen¬ 
tum fraction carried by the antiquark of mass ruf and 
electric charge e/. 

The photoabsortion total cross sections reads as @ 

=J dzy [($J. - 1 - $];) {zy, ry,Q^)] 

xl d Tp dZp {t p ^ Zp) (7 dipij'^ ^ ^ ( 2 ) 


where <I>^(rp,Zp) are the probability distributions of 
dipoles inside the proton. The dipole-cross section, which 
encodes the hard Pomeron dynamics, reads as: 

adip{r^,rp]Y) =A'Kr'^y J ^ Ai(7), (3) 


where xlo(7) = —^'( 7 )—■*/'(l~7) is the BFKL ker¬ 

nel and the elementary two-gluon exchange amplitude is 
given by 7lei(7) = q;s/ 167 ^( 1 — 7 )^. The Mellin-transform 
of the photon wave-function is defined by: 

^T,l( 7.27) ^ '>T,Lf7) f 

feL(7) = _ 

Qfs 47 r 7 1 ( 7 ) J 


where hT,L{'l)ll is related to the Mellin transform of the 
hard 7 *-gluon cross-section in the massless limit. 

The final ingredient is the identification of the quan¬ 
tity characterizing the average dipole size and the aver¬ 
age number of primary dipoles. They are defined by the 
following equivalence Q, 


<rl'^> = 



dzp {riy A>P{rp,Zp) = 


nesil) 

iQLtP 


(4) 


where nefi( 7 ) is interpreted as the 7 -dependent average 
number of primary dipoles, assumed to be regular. Now, 


TABLE I: Parameters for HI and ZEUS data sets HHilil. 


PARAMETER 

ZEUS data set 

HI data set 

TVp 

0.0473 

0.0454 

A 

0.119 

0.120 

Olp 

1.328 

1.33 

xVd.o.f. 

1.24 

1.28 


the average transverse size is not a constant value <rp>~ 
2 /Qo but either an energy-dependent quantity, <rp>~ 

1/Qsat- 

Under the latter identification, Eq. 0 , and putting 
the additional relations together into Eq. 0 and fur¬ 
ther performing the remaining integrations, the proton 
structure function can be cast into the form: 

X [</'r(7) + Ai(7) riesh) ■ 


The convolution integral, approximated by a steepest- 
descent method, using the expansion of the BFKL kernel 
near 7 = 1 / 2 , produces the simple analytical form 


F2{x,Q^) 


X 


Afp 

exp 



^In^^ 

8 



(5) 


where the overall normalization TV absorbs the nor¬ 
malization constants and the BFKL diffusion coeffi¬ 
cient at rapidity Y = In (1/a;) is written as k{x) = 
[ds 7^(3) For the saturation scale, we use the com¬ 
monly considered relation , where we set 

A = 0.288 in agreement with the saturation models 0. 
Therefore, the expression in Eq. 0 with this definition 
for the saturation scale will be used in the phenomeno¬ 
logical fit, where we are left with 3 free parameters: the 
normalization TVp, the Pomeron intercept ap = 1 + ujp 
and A. 


III. RESULTS AND CONCLUSIONS 

Lets present the fitting procedure using the recent 
DESY-HERA experimental data on the proton structure 
function 011 ^, taking Eq. 0 and the small a; < 10 ^ 
data. The datasets cover the ranges 0.9 < < 90 GeV^ 

and 1.5 < < 120 GeV^ for ZEUS and HI, respectively. 

In the ZEUS case, one has added 4 bins for 0.9—2.5 GeV^ 
im since the new data set has as a lower bin = 2.7 
GeV^. The resulting parameters for HI and ZEUS exper¬ 
imental data sets are presented in Table Q] producing a 
quantitatively reasonable quality of fit in view of the high 
precision F 2 datasets. They can be compared with the 
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FIG. 1: Proton structure function and fit result for HI data set |^. Points for larger a: > 10 ^ are also shown. 


recent BFKL fit in Ref. (only HI dataset). Basically, 
the quality of fit is similar to the LO BFKL result in Ref. 
[ 3 . In Fig. 1, one shows the curves using HI parameters 
and the corresponding experimental measurements. We 
have checked the fit is not sensible to small variations 
in the assumed A value. It should be also stressed that 
only light quarks are considered in the approach and a 
treatment including charm is timely, mostly at virtual¬ 
ities above its production threshold. However, such a 
procedure would spoil the simple analytical expression 
considered for the fit to the proton structure function. 
The value obtained for A w Aqcd is consistent with the 
expectation that dipoles at initial condition Y = 0 have 
average radius w 1 /Aqcd • 

The procedure presented here is similar to previous 
analysis on Refs. ill, where a fixed average dipole 
size is considered. From those studies, one obtains a 
unphysical value for the effective strong coupling, ~ 
0.08 — 0.09. However, with the introduction of a energy- 


dependent mean dipole radius the Pomeron intercept has 
increased {ap = 1.33) and now the effective coupling 
reaches Os — 0.12. On the other hand, next order cor¬ 
rection are still required. Accurate analysis along these 
lines, considering resummed NLO BFKL kernels, has 
been done with a correct running of the coupling for 
the typical range considered in phenomenology for 
structure functions. Nevertheless, those NLO fits quali¬ 
tatively describe the running as effect but quantitatively 
the quality of fit remains sizeably higher than the LO 
fit (it should be stressed the number of free parameters 
in NLO fits is smaller). Moreover, considering the LO 
BFKL expression and replacing as by running coupling 
as{Q^) has also produced a low quality fit. 

Finally, some comments are in order. The procedure 
we have used can be connected with the studies of the 
solution to the BFKL equation subjected to a satura¬ 
tion boundary condition at ~ Qsat ■ the saturation 
regime, the saturation momentum is the single intrinsic 
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scale for hadronic processes dominated by gluons in the 
hadron wave function. The typical transverse size of the 
saturated gluons is Ro{x) = 1/Qsat- It has been recently 
shown that the HERA data on DIS at low-a; are consis¬ 
tent with scaling in terms of the variable r = Q'^R n(x) , 
which is known as geometric scaling phenomenon |l 2l| . 
This scaling pattern holds outside the saturation regime 
and it was theoretically found lo extended up to 
~ OLt/^QCD- This result is obtained by realizing that 
the BFKL solution to the scattering amplitude (basically, 
the dipole cross section in Eq. ®) is the linear limit of 
the Balitsky-Kovchegov (BK) evolution equation. The 
latter describes the high density gluons region. In fact, 
it was demonstrated |I3 that geometric scaling is the 
exact asymptotic solution of a general class of nonlinear 
evolution equations nm and it appears as a universal 
property of these kind of equations. The specific scaling 
solutions correspond to traveling wave solutions of those 
equations. 

Starting from the BFKL equation with <rp >~ 1/A^ 
and using the matching condition of its solution at sat¬ 
uration scale, adip{r-y = i?o)/o'o = where (Tq = 
one can study the BFKL solution near saturation mo¬ 
mentum [T^ . Expanding it around the saturation scale 
with respect to ln(l/r^A^) up to the first order of the 
expansion one obtains (Jdip{r-y = 1/Q) — > 

where 7sat is just a number and x-independent. The 
Pomeron intercept has been absorbed in the expansion, 
since it is related to the definition of the saturation scale 
= ctts ln(l/a::), with the coefficient c = 4 — 5 
determined from the saturation criterion 0. Namely, 
the effective Pomeron intercept, ap = \ top^ is re¬ 

lated to these quantities in the form ojp = cots^sat- In a 
second-order expansion near saturation scale, the BFKL 
solution can be written in the scaling form[l3|, 

with the LO BFKL value /3 = 28^(3). The anoma¬ 
lous dimension at saturation limit takes the value 7sat = 
0.63, which is close to the BFKL anomalous dimen¬ 
sion 7BFKL — 1/2. The scaling behavior in Eq. © 
is hence transmitted to the proton structure function 
F2 cx Q^a^fp with the assumption = l/Q^ (small 
dipole configurations in photon), namely by placing 
= 6 (r^ — 1/Q^) in Eq. ||21). On the other hand, for 
large dipole configurations, where dipoles on the photon 
have transverse size larger the saturation radius Roix), 


one can suppose = 6 — l/Qgat) Ih® 

final result is a photoabsortion cross section being a con¬ 
stant value. This turns out the interpolation between 
low and intermediate regions quite successful in the 
phenomenological applications 0 of this approach. 

Let us now return to the procedure presented here. 
One starts from the color dipole picture of the BFKL 
Pomeron and the average size of the color dipoles in the 
proton is given by the radius Ro{x). This means the 
dipole density on proton somewhat is close to the border 
between the dilute and the saturated limit. At the same 
time, we are assuming that the dipoles configurations in 
the photon are basically characterized by small size con¬ 
figurations r-y ^ Ro(x) and hence the results are valid 
for virtualities larger than the saturation momentum. It 
can be verified that the saturation criterion is automat¬ 
ically satisfied by construction. It remains not clear if 
Eq. (0 can be recast in a scaling (geometric) form. 
However, using the identification up = 4 In 2 As ~ A 
(4 In 2 « 2.77), one has for the power-like rise in Eq. 
0, x~‘^’^ ~ x~^ (X Qsaf III 0111 case, 7 = 1/2 and then 
our expression in Eq. 0 could be put in the geometric 
scaling form as in Eq. 0 . 

In summary, using the QCD dipole picture of BFKL 
Pomeron, one studies the role of the average dipole size 
in order to obtain physical values for the effective as in 
phenomenological hts to small-a; data. This average size 
is associated to the saturation scale. This is physically 
motivated using the assumption the color dipole on the 
proton have average transverse size concentrated around 
the saturation radius Rq. The quality of ht reveals this 
occurs up to either intermediate values of the photon vir¬ 
tualities. Based on this assumption n for the mean dipole 
radius, the Pomeron intercept increases as ap = 1.33) 
and the effective strong coupling takes a more physically 
acceptable value, as — 0.12. However, probably NLO 
corrections are still required. The analysis is first per¬ 
formed in LO BFKL approach in the saddle-point ap¬ 
proximation and it could be useful in phenomenology on 
resummed NLO BFKL kernels. 
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